established that the maximum likelihood estimate of an odds-ratio in a case-control study is the same as would be found by fitting a logistic regression: in other words, for this specific target the incorrect prospective model is inferentially equivalent to the correct retrospective model. Similar results have been obtained for other models, and conditions have also been identified under which the corresponding Bayesian property holds, namely that the posterior distribution of the odds-ratio be the same, whether computed using the prospective or the retrospective likelihood. Here we demonstrate how these results follow directly from certain parameter independence properties of the models and priors, and identify prior laws that support such reverse analysis, for both standard and stratified designs.
In order to estimate the effects of risk factors on a binary outcome, for example a disease, there are two basic experimental approaches: a prospective or cohort study, in which subjects are selected from the population, possibly based on their risk factors, and observed to determine if the disease arises; and a case-control or retrospective study, in which random samples are taken from both the subpopulation with the disease, the cases, and the subpopulation without, the controls, and the relative frequencies of the risk factors in the two samples are recorded. Case-control studies are often desirable or unavoidable, particularly where the disease is relatively rare or the time to diagnosis is long, since the costs of obtaining a sufficient sample size for a prospective study are then likely to be prohibitive.
Let Y be the outcome variable, taking values coded 0 or 1, corresponding to the absence or presence of disease, respectively. Let X be the vector of covariates, or risk factors, taking values in X ⊆ R k . In a prospective study we are sampling from the conditional distribution of Y given X. Under a proportional odds assumption, the model is that of a logistic regression: p(y | x, α, β) = e y(α+β T x) 1 + e α+β T x , α ∈ R, β ∈ R k .
1. NOTATION AND DEFINITIONS Throughout the paper, (X, Y ) will denote a single joint observation from the specified model, and (X (n) , Y (n) ) a sequence of n such observations; p will denote density with respect to an appropriate measure, with variables indicating the context.
We recall the notation and definitions of Dawid & Lauritzen (1993) . If θ denotes a joint probability distribution for (X, Y ), then θ X and θ Y will denote the corresponding marginal distributions of X and Y , respectively. We use θ Y |X=x to denote the conditional distribution of Y given X = x, and θ Y |X = (θ Y |X=x : x ∈ X ) to denote the family of all such conditional distributions, labelled by x; we define θ X|Y =y , θ X|Y similarly.
A model is a set Θ of joint probability distributions θ. A parameter in this model is a function defined on Θ. We use the relation φ ≃ ψ to denote the existence of a bijective function between the parameters φ and ψ. For example, we have θ ≃ (θ X , θ Y |X ) ≃ (θ Y , θ X|Y ).
For two parameters φ and τ , we define the conditional range of φ given τ = t to be {φ(θ) : θ ∈ Θ, τ (θ) = t}. We say that φ is variation independent of τ , and write φ ‡ τ , when this conditional range is constant for all possible values t of τ : equivalently, when (φ, τ ) takes values in a product space. In a similar manner we can define the conditional variation independence φ ‡ τ | ψ (Dawid & Lauritzen, 1993) .
A model is called strong meta Markov if
In a Bayesian setting, we use the term law to denote a probability distribution, over the model Θ, for the parameter variable θ . We say that a law £ is strong hyper Markov if we replace the variation independence of (2) with probabilistic independence, denoted by ⊥ ⊥, under £:
A necessary, but not sufficient, condition for a law to be strong hyper Markov is that its support be a strong meta Markov model.
MAXIMUM LIKELIHOOD ESTIMATION IN STRONG META MARKOV MODELS
The saturated model, consisting of all probability distributions on the product space X × Y, is trivially strong meta Markov. We now investigate some other meta Markov models.
Example 1. Let ν X and ν Y be measures over X and Y respectively. The family of all probability distributions which have positive densities with respect to ν X × ν Y is strong meta Markov.
In particular, if X and Y are finite, with ν X and ν Y being counting measures, this is the family of 2-way |X | × |Y| contingency tables without structural zeroes.
Example 2. Let Θ be the family of bivariate normal distributions for (X, Y ):
It is straightforward to establish that
, and hence that θ X ‡ θ Y |X , with parallel results when X and Y are interchanged. Therefore this family is a strong meta Markov model. This property extends to higher dimensions. DEFINITION 1. Suppose the model Θ consists of a set of joint distributions θ for (X, Y ) having positive joint density p(x, y | θ). The odds-ratio parameter λ = λ(θ) is defined to be the labelled collection
As an example, in the bivariate normal model elements of (3) are of the form
XY ) is the off-diagonal term of the precision matrix. Therefore λ ≃ Λ XY .
The parameter λ has been well studied in the context of contingency tables. Altham (1970) demonstrated that it has certain desirable properties as a measure of association between X and Y . We note that λ also characterises such dependence for more general models . 146  147  148  149  150  151  152  153  154  155  156  157  158  159  160  161  162  163  164  165  166  167  168  169  170  171  172  173  174  175  176  177  178  179  180  181  182  183  184  185  186  187  188  189  190  191  192   4 S. P. J. BYRNE AND A. P. DAWID LEMMA 1. For a given joint distribution θ, λ(θ) ≡ 1 if and only if X and Y are independent under θ.
Proof. Now λ ≡ 1 if and only if
for all x, y, x ′ , y ′ . If (4) holds, then on integrating over x ′ and y ′ we obtain p(x, y | θ) = p(x | θ) p(y | θ). Conversely, if p(x, y | θ) factorizes in this manner, (4) must hold.
Our particular interest in λ is due to its being a common parameter of both the prospective and retrospective models. Proof. Elements of (3) can be written as
As we shall see below, it is this shared parameter property that makes it possible to use retrospective data to make inferences about the prospective model. By constraining λ, we can construct new strong meta Markov models:
LEMMA 3. Let Θ be a strong meta Markov model for (X, Y ), and for a given function
Proof. Since θ Y |X ‡ θ X and f (λ) is a function of θ Y |X , it follows from the separoid properties of variation independence (Dawid, 2001a,b) 
Example 3. Let Y = {0, 1}, and let X be a subset of R d whose affine span is R d . Let the model Θ comprise all distributions with positive densities on X × Y. By the affine condition, there exist x 1 , . . . , x d+1 ∈ X such that (1, x 1 ), . . . , (1, x d+1 ) are linearly independent. We can then write θ Y |X ≃ (α, β, η), where
with η x = 0 for x = x 1 , . . . , x d+1 . The odds-ratios are then
and hence λ ≃ (β, η). The logistic model is then obtained on constraining η = 0. As η is a function of λ, it follows from Lemma 3 that it is strong meta Markov. Moreover, λ ≃ β in this model.
Example 4. We can generalise to let Y be a finite set. Applying essentially the same argument yields the multinomial logistic model: for some reference element y * ∈ Y. We then have λ ≃ β = (β y : y = y * ).
The cumulative logit model (McCullagh, 1980) , which is widely used for ordinal data, is not strong meta Markov. However there is an alternative model that can be used in this setting:
Example 5. The stereotype model (Anderson, 1984) is obtained by constraining the multinomial logistic model so that β y = βγ y , where β ∈ R d and γ y ∈ R. Then λ ≃ (β, γ). This model can be made more general by allowing β to take values in R d×k , and γ y in R k , where k < |Y| − 1. Several authors have proposed this model for ordinal data; in particular Greenland (1994) noted its validity for analysing retrospective data, as we demonstrate below.
Example 6. The multiplicative intercept model (Hsieh et al., 1985; Weinberg & Wacholder, 1993 ) is a general strong meta Markov model for binary response data. It has density of the form
This model can be obtained by constraining the odds-ratios (3) to be of the form
For the logistic model, Prentice & Pyke (1979) showed that the maximum likelihood oddsratio estimators obtained from a case-control study have the same values and asymptotic distribution as those arising from a prospective study. The following result shows that this property holds for any strong meta Markov model. Proof. The argument is similar to that of Dawid & Lauritzen (1993, Lemma 4.10) . The joint density under the model θ can be written as
Since we have the conditional variation independence θ X ‡ θ Y |X | λ, the maximization in (5) can be performed separately for each factor, hence
Moreover, since θ X ‡ θ Y |X and λ is a function of θ Y |X , we have θ X ‡ λ, so that the first term is constant for all λ, giving
where L pro p denotes the profile likelihood of the prospective model. An identical argument shows that
. This argument can be extended to any function of λ. From this we obtain the following result, generalizing that of Prentice & Pyke (1979 rior law for θ, based on prior £ and the joint likelihood p(x (n) , y (n) | θ); by £ pro the posterior law for θ Y |X , based on the prior law £ pro and the prospective likelihood p(y (n) | x (n) , θ Y |X ); and by £ ret the posterior law for θ X|Y , based on the prior law £ ret and the retrospective likelihood
We now present the key result of this section. Proof. The posterior law for λ under the joint analysis is determined by its Radon-Nikodym derivative with respect to the prior law:
By the strong hyper Markov property, θ Y |X ⊥ ⊥ θ X | λ, so the right-hand side of (6) factorizes as
Also θ X ⊥ ⊥ λ, so only the first of these terms is a function of λ. Therefore
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Several authors have obtained similar results. Müller & Roeder (1997) almost identified these conditions for the logistic regression model, but then incorrectly claimed that the "argument about the retrospective likelihood only carries over to posterior inference on β if α and β are independent and θ X is not otherwise constrained." This misconception appears to be due to the fact that, although there is a one-to-one mapping between α and θ Y , this mapping is itself dependent on β. Unfortunately, this means that their proposed Dirichlet process mixture law does not satisfy the required properties.
For the case of the logistic regression model where the covariate space X is finite, conditions equivalent to the strong hyper Markov property were shown to be sufficient in a 2007 University of Bristol technical report by A.-M. Staicu.
The converse result to Theorem 2 does not strictly hold. For instance, if λ is almost surely constant under the prior law, then so must it be under any of the posterior laws, irrespective of whether or not the strong hyper Markov property holds. However, we conjecture that, with the addition of suitable technical conditions to exclude such special cases, the identity of the joint, prospective and retrospective analyses for λ will hold only when the joint prior law for θ is strong hyper Markov.
It follows immediately from Theorem 2 that, with the stated conditions and definitions, the posterior for λ we would obtain by combining the true retrospective likelihood with the prior law £ ret for its parameter θ X|Y could also be obtained by combining the incorrect prospective likelihood with prior law £ pro for its parameter θ Y |X . Here we wish to emphasize a constraint that previous authors have not always made clear: in order to invoke this result, we must be using a prior law £ ret for the retrospective parameter θ X|Y that can arise as the marginal of some strong hyper Markov law £ for θ. Only then is one justified in using instead the prospective likelihood in conjunction with a suitable prior law for its parameter θ Y |X -which law we can take to be that derived from £.
The problem of model comparison for case-control studies has received comparatively little attention in the literature, particularly for Bayesian analyses. However we can approach it through a result similar to that of Theorem 2: Proof. Define a joint law £ * for ( M , θ) such that M takes values 1 and 2 each with probability 1/2, and, given M = j, the conditional law of θ is £ j . The strong hyper Markov condition implies
while the condition of the equality of marginals can be expressed as
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An argument similar to that of Theorem 2 now shows that the posterior distributions for M , and hence the Bayes factors, must be the same, whether computed using the joint, prospective or retrospective analyses.
4. STRONG HYPER MARKOV LAWS We now investigate known families of strong hyper Markov laws, and methods for deriving new families. As noted in § 1, strong hyper Markov laws only exist for strong meta Markov models, so we shall focus on the same models proposed in § 2. Dawid & Lauritzen (1993) identified two strong hyper Markov laws.
Example 7. For discrete X and Y , the saturated model comprises all multinomial distributions, which can be parametrized by their joint probabilities θ = (θ x,y : x ∈ X , y ∈ Y). The standard conjugate prior is a Dirichlet law, £( θ) = D(a xy : x ∈ X , y ∈ Y), with hyperparameters a xy > 0, having density proportional to
The posterior is of the same form, with updated hyperparameters a * xy = a xy + n xy , where n xy is the number of cases having X = x, Y = y.
By the aggregation properties of the Dirichlet (e.g. Dawid & Lauritzen, 1993, Lemma 7 .2),
all independently, where a x+ = y a xy ; and similarly for θ Y and θ X|Y . Thus this law is strong hyper Markov. Because it is continuous, it also works for the restricted model without structural zeroes of Example 1.
The Dirichlet law has been widely used for the analysis of case-control studies with a single binary covariate, corresponding to a 2 × 2 table (Zelen & Parker, 1986; Nurminen & Mutanen, 1987; Marshall, 1988; Ashby et al., 1993) . The distribution of the odds-ratio parameter λ has been explored by Altham (1969) .
Example 8. Consider the bivariate normal model of Example 2, restricted for simplicity to have zero means. The standard conjugate prior is the inverse Wishart distribution for the dispersion matrix Σ, having density proportional to
Then the posterior is of the same form, with updated hyperparameters a * , A * . The inverse Wishart distribution determines a strong hyper Markov law, with similar marginalization properties to those of the Dirichlet law (Dawid & Lauritzen, 1993, Lemma 7.4 Proof. Let A be an element of the σ-algebra generated by
and hence
Now let B be an element of the σ-algebra generated by θ X . Then
and similarly for θ Y .
We can also extend the constraint procedure of Lemma 3 to construct strong hyper Markov laws on the resulting submodel Θ ′ . Proof. As θ X ⊥ ⊥ θ Y |X and f is a function of θ Y |X , we have
Parallel results hold with X and Y interchanged. Then (7) shows that £( θ) remains strong hyper Markov under conditioning on f = 0, while (8) shows that this conditioning does not affect the marginal laws.
Remark 1. Together, Theorems 4 and 5 can be paraphrased as saying that, if £ is a strong hyper Markov law for θ, and the law £ ′ has the same conditional distribution for θ given λ as £ does, then £ ′ is strong hyper Markov, with unchanged marginal laws for θ X and θ Y . In particular, this construction allows λ to be assigned any distribution whatsoever under £ ′ .
Example 9. For a 2-way contingency tables, any law with density of the form h θ xy θ x ′ y ′ θ xy ′ θ x ′ y x,y,x ′ ,y ′ (x,y) θ axy−1 xy will be strong hyper Markov. Geiger & Heckerman (1997, equation 10) noted that all strong hyper Markov laws for 2 × 2 tables must have a density of this form. S. P. J. BYRNE AND A. P. DAWID Example 10. For the zero-means bivariate normal model, any law with density of the form
will be strong hyper Markov. Geiger & Heckerman (2002, Theorem 12) showed that all strong hyper Markov laws for the bivariate normal must have a density of this form.
The construction of laws for nested models by conditioning on specific parameters has been proposed by Dawid & Lauritzen (2001, section 4) . Laws constructed by this procedure will also satisfy the conditions of Theorem 3.
Example 11. Consider a logistic model for finite covariate space X , as generated by the conditioning procedure of Example 3.
We start with a generalized Dirichlet law £( θ) for the saturated model. Then the law for θ Y |X has density of the form
The Jacobian determinant of the transformation to the logistic parametrization is
and hence the density for £( α, β, η) is of the form
where a x+ = a x0 + a x1 . By conditioning on η = 0, we obtain the density of £ ′ ( α, β), of the form
The Jacobian of the transformation in terms of the retrospective parameters is
Therefore, using a prior law with density (9) for the prospective analysis of retrospective data is justified when the true retrospective prior law is
Priors of this form have previously appeared in the literature. The prior of Staicu (2010, Example 2) is obtained on rewriting (9) Staicu (2010, Example 1) can be obtained by further taking the limit as a +1 → 0. However, we argue that the form of (9) is more easily interpreted: it can be thought of as the product of an improper prior with density element g(β) dβ dα, and a logistic likelihood function, where the (a xy ) represent pseudo-counts. This has the further benefit of being able easily to adapt existing computational methods: for example, a Laplace approximation can be found using standard logistic regression software.
Although x appears in the density (9), we disagree with Staicu (2010) that this constitutes a covariate-dependent prior, like the g-priors of Zellner (1986) : it is only dependent on the a priori expected frequencies of the covariates, not on their observed frequencies in the data.
The logistic generalized Dirichlet law can similarly be extended to the multinomial model of Example 4, yielding density of the form
By further conditioning this can be applied to the stereotype model of Example 5, using a prior density of the form g(β, γ) x∈X y =y * e (αy +γyβ T x)axy 1 + y =y * e αy +γyβ T x a x+ .
An analogous construction for the multiplicative-intercept model of Example 6 uses a prior density of the form
x∈X e {α+f (x,β)}a x1 1 + e α+f (x,β) a x+ .
The improper priors of Ghosh et al. (2012, Theorem 1) can be obtained from (11), (12) and (13) by taking the limit a x+ → 0. However their claim that these priors can also be used for link functions other than the logistic, such as the probit, skew-symmetric or cumulative logit, is incorrect, as these models are not strong meta Markov, and hence can not support strong hyper Markov laws.
The form of the generalized logistic Dirichlet law allows for easy implementation in generic Bayesian MCMC packages such as WINBUGS, OPENBUGS and JAGS, which accept noninteger values for binomial counts. Furthermore, arbitrary functions g can be included by use of the zero Poisson trick: see Lunn et al. (2013, § 9.5) . Unfortunately, this method is somewhat impractical for large numbers of covariates, since the size of X increases exponentially with its dimensionality k. Furthermore, as X increases, β will tend to concentrate around 0. To compensate for this, the values of (a xy ) can be chosen closer to 0, but the above software packages do not work well for very small values.
STRATIFIED MODELS
A more complicated analysis is that of stratified or matched case-control studies, in which participants are selected by both the outcome Y and an additional stratum variable S, taking values in S. Such a design can often estimate the odds-ratio of interest with much greater efficiency than an unstratified study. 530  531  532  533  534  535  536  537  538  539  540  541  542  543  544  545  546  547  548  549  550  551  552  553  554  555  556  557  558  559  560  561  562  563  564  565  566  567  568  569  570  571  572  573  574  575  576   12 S. P. J. BYRNE AND A. P. DAWID It is enough to consider sampling schemes that condition on S, so that the parameter of the joint likelihood is θ XY |S . The prospective parameter of interest is θ Y |XS , but data may be observed under the retrospective regime, only allowing estimation of θ X|Y S . In this case the parameter λ that is a function both of θ Y |XS and of θ X|Y S is the set of all odds-ratios of the form
Example 12. The stratified logistic model is similar to Example 3, but with an intercept parameter that varies by stratum, so that the prospective model is p(y | x, s, α, β) = e αs+β T x 1 + e αs+β T x .
As in the unstratified case, λ ≃ β.
This additional complication can make estimation more difficult. The number of strata will typically increase with sample size, with the result that the maximum likelihood estimator is inconsistent. An alternative under the classical approach is to maximize the conditional likelihood The conditional likelihood does not have a direct Bayesian interpretation. Rice (2004, Theorem 1) showed there exists a law such that the marginal retrospective likelihoodp(x | y, s, β) is proportional to the conditional likelihood; however this law depends on the matching scheme: e.g.a 1:1 matched design and a 1:2 matched design will require different laws.
Alternatively, Theorem 2 can be extended to support use of the prospective likelihood:
THEOREM 6. Let £ be a prior law for the parameter θ XY |S of a stratified model, with the property that
Then the posterior marginal law for the odds-ratios λ is the same under the prospective, the retrospective and the joint likelihoods.
The argument is essentially the same as that for Theorem 2.
Laws satisfying Theorem 6 can be constructed from a collection of strong hyper Markov laws £ s ( θ XY |S=s ) on the individual strata. A simple example is the product law
which is equivalent to fitting a separate model for each stratum, each having its individual oddsratio parameter. The opposite case is that of a law £ that constrains θ XY |S=s = θ XY |S=s ′ almost surely, thus ignoring stratification altogether. However, neither of these extreme cases is able to 579 580  581  582  583  584  585  586  587  588  589  590  591  592  593  594  595  596  597  598  599  600  601  602  603  604  605  606  607  608  609  610  611  612  613  614  615  616  617  618  619  620  621  622  623  624 Retrospective-prospective symmetry for the Bayesian analysis of case-control studies 13 exploit the key advantage of stratification, which allows for fitting a model with both common and stratum-specific parameters, such as the logistic model in Example 12, where all strata share a common odds-ratio. This can be effected as follows. THEOREM 7. Let {£ s ( θ XY |S=s ) : s ∈ S} be a collection of strong hyper Markov laws such that the marginal laws for the odds-ratios are equal: that is,
for all s, s ′ ∈ S. Then there exists a unique joint law £( θ XY |S ) such that £( θ XY |S=s ) = £ s ( θ XY |S=s ), λ s = λ s ′ almost surely, and the ( θ XY |S=s : s ∈ S) are conditionally independent given λ. Moreover, this law satisfies the conditions of Theorem 6.
Proof. The existence and uniqueness of £ are given by the Markov combination construction of Dawid & Lauritzen (1993, Lemma 2.5) . It remains to show that the conditions of Theorem 6 are satisfied for £.
The mutual independence of all the ( θ XY |S=s ) conditional on λ, combined with the strong hyper Markov properties of the (£ s ), implies the mutual independence, given λ, of all terms of the form θ Y |X,S=s , θ X|S=s ′ . In particular,
Also, since £ s is strong hyper Markov, we have, for each s,
An easy application of the rules of conditional independence shows that (16) and (17) together imply θ X|S ⊥ ⊥ λ, which combined with (15) gives
Example 13. For the stratified logistic model in Example 12, suppose that each law £ s is specified by a density for ( α s , β) of the form
such that the marginal density for β is p(β) in each stratum s. By Theorem 5, this can be achieved by choosing
The corresponding joint density for ( α, β) is then
This is of the same form as the density (9), where the strata are treated as an additional categorical covariate in the model. As with the unmatched case, the improper laws of Ghosh et al. (2006, 14 S. P. J. BYRNE AND A. P. DAWID 2012) can be obtained by taking the limit a xys → 0, though again the claims in Ghosh et al. (2012) regarding the use of different link functions are incorrect. Similar priors can be obtained for the multinomial and stereotype models in the previous section. Again, we emphasize that using such a law for the prospective analysis of retrospective data requires that the prior law £( θ X|Y S ) be the marginal of a joint law such that θ Y |XS ⊥ ⊥ θ X|S and £( θ X|S=s ) = D(a xs ).
We have not specified a model for the stratum variable S, as we have assumed all data are observed conditional on S. However, under the additional assumption θ XY |S ⊥ ⊥ θ S [£], the data can be treated as if they were randomly sampled from the population, as would hold for a crosssectional study.
DISCUSSION
We have outlined a broad framework with necessary assumptions for the analysis of retrospective data using a prospective likelihood or Bayesian approach.
Our Bayesian analysis requires the existence of a joint strong hyper Markov law of which the prospective and retrospective laws are its margins. Because of the difficulties of defining and handling marginalization for improper priors (Dawid et al., 1973) , our arguments do not readily extend to improper priors, whose use in this context may require a different justification.
These results only apply to functions of the odds-ratio. Other quantities such as an intercept parameter α cannot be inferred using this approach, nor does it incorporate more recent developments such as case-cohort designs and incorporation of population incidence data.
Many analyses (e.g. de Vocht et al., 2012) have used multivariate normal prior laws for the logistic log odds-parameter β ≃ λ; but the overall laws used are not strong hyper Markov, and the resulting prospective and retrospective posterior laws for β are not equal. However, Remark 1 shows that it is indeed possible to construct a strong hyper Markov law such that β is multivariate normal; and the previously suggested prior laws might possibly be interpretable as approximating such a strong hyper Markov law. There could nevertheless be considerable difficulty in determining the precise form of the implied law for the retrospective parameters.
Similar properties and techniques arise in other contexts. A recent example is the development of inverse regression techniques used for dimension reduction (Cook & Li, 2009; Taddy, 2013) . These methods exploit the existence of low-dimensional representations of the odds-ratio λ, termed a sufficient reduction, and utilise a similar method of obtaining estimates by fitting the wrong inverse model to the data.
Another example arises in the computation of graphical LASSOestimators for highdimensional covariance matrices (Banerjee et al., 2008; Friedman et al., 2008) . These are shrinkage estimators which penalize off-diagonal elements of the precision matrix. Due to the strong meta Markov property of the multivariate normal model and the penalized terms being functions of the odds ratio, a similar argument to Theorem 1 can be used to show that the solution to the optimisation problem is equivalent to a set of penalized regression problems of each covariate against all others. As a result, the estimate can be computed by an iterative scheme of LASSOregressions. 675  676  677  678  679  680  681  682  683  684  685  686  687  688  689  690  691  692  693  694  695  696  697  698  699  700  701  702  703  704  705  706  707  708  709  710  711  712  713  714  715  716  717  718  719  720 Retrospective-prospective symmetry for the Bayesian analysis of case-control studies 15
